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Multi-view data containing complementary and consensus information can facilitate representation learning
by exploiting the intact integration of multi-view features. Because most objects in the real world often have
underlying connections, organizing multi-view data as heterogeneous graphs is beneficial to extracting latent
information among different objects. Due to the powerful capability to gather information of neighborhood
nodes, in this article, we apply Graph Convolutional Network (GCN) to cope with heterogeneous graph data
originating from multi-view data, which is still under-explored in the field of GCN. In order to improve the
quality of network topology and alleviate the interference of noises yielded by graph fusion, some methods
undertake sorting operations before the graph convolution procedure. These GCN-based methods generally
sort and select the most confident neighborhood nodes for each vertex, such as picking the top-k nodes accord-
ing to pre-defined confidence values. Nonetheless, this is problematic due to the non-differentiable sorting
operators and inflexible graph embedding learning, which may result in blocked gradient computations and
undesired performance. To cope with these issues, we propose a joint framework dubbed Multi-view Graph
Convolutional Network with Differentiable Node Selection (MGCN-DNS), which is constituted of an adap-
tive graph fusion layer, a graph learning module, and a differentiable node selection schema. MGCN-DNS
accepts multi-channel graph-structural data as inputs and aims to learn more robust graph fusion through a
differentiable neural network. The effectiveness of the proposed method is verified by rigorous comparisons
with considerable state-of-the-art approaches in terms of multi-view semi-supervised classification tasks, and
the experimental results indicate that MGCN-DNS achieves pleasurable performance on several benchmark
multi-view datasets.
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1 INTRODUCTION

Multi-view data extensively exist in a great number of practical applications, owing to the fact that
most objects in the real world can be described from multifarious perspectives [6, 21, 32, 38]. A large
amount of research has verified that multi-view data can lead to encouraging performance com-
pared with single-view data, such as the semi-supervised classification task that only has scarce
supervision information. Because objects in the real world often lead to latent connections and can
be regarded as nodes, we can construct heterogeneous graphs from multi-view data which depict
objects more comprehensively. Accordingly, graph-based learning models can be adapted to multi-
view learning tasks. Graph learning is a critical technique for many machine learning tasks like
clustering and classification [3, 16, 36, 37]. In particular, Graph Convolutional Network (GCN)
is a crucial technique of graph-based representation learning and has been universally applied to
a multitude of machine learning tasks. GCN-based methods have been well-established in com-
puter vision [19, 40, 43], classification tasks [5, 13, 50], and topological graph structure analyses
[1, 33, 35]. In a nutshell, graph convolutions are performed in the non-Euclidean domain instead
of extensively employed standard convolutions for the Euclidean domain, which have a powerful
ability to integrate the connectivity patterns and feature attributions of graphs in a Fourier space.
Actually, GCN is a typical network that aggregates topological neighbors via convolutional layers,
so that node and feature representations propagate over the network topology. Attributed to these
factors, frameworks based on GCN have achieved noticeable performance for extracting robust
numeric representations.

One challenge of the GCN-based multi-view learning is the estimation and fusion of node con-
nections, because these data often have no natural graph structure. Most existing methods esti-
mated graphs from node feature similarities. However, these estimated node relationships some-
times are not accurate and contain noises, attributed to which it is pivotal to develop the graph
refining strategy, such as neighborhood node selection and edge denoising. In addition, a tradi-
tional GCN-based method only enables single-view data, meaning that further study on frame-
works addressing multi-graph-structural data should be conducted. Some existing methods have
endeavored to tackle this deficiency with a linear weighted sum of heterogeneous graphs [4, 17, 47],
but it may not be ideal because such a strategy cannot extract deeper representation and results
may be interfered by new noises encountered. Consequently, a study on multi-channel GCN-based
models learning more robust and generalized feature graphs should be further explored.

Node sorting and selection strategies have been utilized in numerous works related to GCN
to pick top-k confident nodes, which prompt the sparsity and lessen the interference of noises
[12, 26, 34]. In addition, it is helpful for sustained explorations of relationships between every
two vertices and augmenting the edges with higher importance, because of which the time con-
sumption declines and the performance is improved. Figure 1 briefly illustrates the node selec-
tion procedure, which selects neighborhood nodes with high confidence or importance for each
vertex. The confidence or importance values can be measured by the weights of edges or feed-
back from downstream tasks. Nevertheless, such a strategy is generally non-differentiable, thereby
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Fig. 1. Node selection for a graph-structural network. For each node (green), only other connected nodes with
higher importance or confidence (blue) are selected. Namely, salient edges (blue) connecting to important
nodes are activated and other edges (gray) are inhibited. Thus, a sparser graph is learned due to the restraint
of some edges.

often leading to ineffective gradient propagation, which is problematic for neural networks. Con-
sequently, it becomes pivotal to delve into a differentiable network allowing gradient descent and
back propagation everywhere. Although Grover et al. presented a differentiable operator generat-
ing permutation matrix 7], the sorting and selection operations are still performed with arg max
operator which is non-differentiable and prohibits the gradient propagation. Therefore, we de-
vote ourselves to establishing a differentiable learning schema that automatically selects confident
nodes and maintains the differentiability of the neural network.

In pursuit of solving these mentioned issues, this article proposes a GCN-based framework
dubbed Multi-view Graph Convolutional Network with Differentiable Node Selection
(MGCN-DNS) to undertake multi-view semi-supervised classification tasks. The proposed method
addresses multi-graph-structural data via a graph fusion layer and extracts numerical representa-
tions of node relationships through a graph learning module and a novel differentiable node selec-
tion schema. In detail, adjacency matrices from heterogeneous views serve as the inputs for each
channel in the graph fusion layer, which explores the underlying complementary information from
all channels and outputs the combined adjacency matrix via a two-stage graph fusion process. Next,
the intact graph is refined by a graph learning module and a differentiable node selection module
for each vertex. To our best knowledge, this work is the first attempt to integrate differentiable
node selection schema into the adjacency matrix learning of GCN-based models. Compared with
existing non-differentiable node selection strategies, this allows us to build an end-to-end frame-
work where gradients can be propagated to all modules, owing to which the network parameters
can be fully optimized. Finally, the refined adjacency matrix is employed by graph convolutions to
yield node embeddings. In a nutshell, the main contributions of this article are outlined as follows:

(1) Devise a two-stage graph fusion process that exploits the complementary information from
adjacency matrices, where the first-stage fusion enriches the node connections in each view,
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and the second-stage fusion adaptively merges these enriched adjacency matrices following
the instructions provided by the previous fusion stage.

(2) Develop a differentiable node selection procedure to choose nodes with higher confidence
from the merged graph. The differentiable procedure converts the continuous probabilistic
permutation matrix to confidence values measuring the importance of distinct nodes, which
avoids computationally intractable back propagation caused by non-differentiable sorting
and selecting operations.

(3) Construct an end-to-end GCN to deal with multi-channel topological graphs, which extracts
neighborhood relationships via graph learning modules and differentiable node selection.

(4) The proposed framework is applied to undertaking the multi-view semi-supervised classifi-
cation task and achieves pleasurable performance in comparison with classical and state-of-
the-art methods.

The rest of this article is organized as follows. Related works including multi-view learning,
multi-graph learning, and GCN are discussed in Section 2. We elaborate on the proposed MGCN-
DNS and relevant theoretical analysis in Section 3. In Section 4, substantial experiments and com-
parisons are conducted to show the superiority of the model. Finally, we conclude our work and
discuss future directions in Section 5.

2 RELATED WORK

In this section, we discuss some relevant works w.r.t. multi-view learning and GCN. Before that,
the primary notations and explanation of mathematical symbols used in this article are clarified
in Table 1.

2.1 Multi-View Learning

In real-world practical applications, a considerable number of data exist as heterogeneous forms,
leading to a rapidly increasing attention on multi-modality fusion. Consequently, multi-view learn-
ing has been extensively studied in recent years. Liu et al. improved the performance of multi-view
clustering by considering information from multiple incomplete views [20]. Chen et al. proposed
a partial tubal nuclear norm regularized multi-view learning algorithm, which minimized the par-
tial accumulation of the smaller tubal singular values to keep the low-rank property of the self-
representation tensor [2]. Han et al. performed multi-view clustering via establishing a sparse
membership matrix over heterogeneous views and studied the centroid matrix and its correspond-
ing weight of each view [8]. Wang et al. put forward a parameter-free multi-view subspace clus-
tering model with consensus anchor guidance, which had linear computational complexity [30].
Huang et al. established a framework integrating diversity, sparsity and consensus to flexibly pro-
cess multi-view data, which projected a linear regression model onto deduce view-specific em-
bedding regularizers and automatically updates weights of various perspectives [11]. Han et al.
explored multi-human association on multi-view images taken by various cameras at the same
moment [9]. Yan et al. proposed a bipartite graph-based discriminative feature learning algorithm
to perform multi-view clustering, which was a unified framework to consider bipartite graph learn-
ing and discriminative feature learning [42]. Zhang et al. constructed anchor-based affinity graphs
to address the multi-view semi-supervised problem [48].

2.2 Multi-Graph Fusion

Owing to the fact that most multi-view data can be represented as feature attributes and node
relationships incorporated in distinct network topologies, multi-graph fusion has become a pop-
ular issue. Some of these methods merged graph information from natural graph data. Sadikaj

ACM Transactions on Knowledge Discovery from Data, Vol. 18, No. 1, Article 6. Publication date: August 2023.



Multi-View Graph Convolutional Networks with Differentiable Node Selection

Table 1. A Summary of Primary Notations in This Article

6:5

Notations | Explanations

X© Feature matrix of the vth view.

A®) Adjacency matrix of the vth view.

wib]) Adaptive weight of the adjacency matrix.

A(vf) Complementary graph of the vth view.

al?) Weight of the ith complementary graph.

Ag Fused intact adjacency matrix.

A Refined graph via graph learning module.
S1,S; Weight matrices of graph learning module.

P Continuous permutation matrix.

Softmax(-) | Softmax function.

Y Hyperparameter in graph learning module.

T Temperature parameter in the construction of P.
I1; Node confidence value.

C Coeflicient matrix for node selection.

0 Learnable thresholder.

Agelect Adjacency matrix after differentiable node selection.
c Number of classes.

o(+) Optional activation function.

A Adaptively learned adjacency matrix fusion.
w® Trainable weight matrix in graph convolutions.
H) Output of GCN in the Ith layer.

V4 Learned graph embedding.

Y Groundtruth of labeled samples.

L Loss function.

et al. designed a SpectralMix algorithm which integrated all information from different node at-
tributes, relationships, and graph structures to cope with multi-relational graphs [25]. Tang et al.
built a multi-graph-fusion-based spectral clustering method via proposing a hyperspectral band
selection algorithm [27]. Xiao et al. proposed a dual fusion-propagation graph neural network to
capture the consistency and complementarity information for multi-view clustering [39]. Khan
et al. come up with a GCN-based framework for conducting multi-channel classification tasks
through multi-graph fusion and salient edge augment [14]. Yao et al. applied multiple GCNs to
yield various node embeddings and fused these embeddings via the attention mechanism [45]. A
self-supervised framework was constructed by Hassani et al. to learn node and graph level rep-
resentations simultaneously [10]. Some other works also integrated heterogeneous graphs gen-
erated from multi-view data which are more common in real-world applications. For example, a
co-training strategy was exploited to explore a unified GCN-based framework, where the graph
information embedded in sundry views was trained automatically [17]. Graphs of multiple views
were incorporated into a consistent global graph, whose Laplacian matrix was subjected to mul-
tiple strongly connected components [24]. Nie et al. designed a parameter-free framework that
automatically assigned weights to each view and explored a label indicator matrix by collecting
loss functions of all views [23]. Xie et al. constructed a unified tensor space to jointly explore
multi-view correlations by local geometrical structures, where a low-rank tensor regularization
was imposed to guarantee that all views come to an agreement [41]. Wang et al. learned sparse
graphs from heterogeneous views via a deep sparse regularization network to conduct multi-view
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semi-supervised classification and clustering [29]. Most of these prior works concentrated on ex-
ploring an effective paradigm to merge graphs with linear combinations or attention mechanisms.
In this article, we further build a two-stage graph fusion operation for all initial adjacency matri-
ces, which merges robust neighborhood correlations from all views and explores complementary
information via trainable weights.

2.3 Graph Convolutional Network

A spectral graph convolution is performed by a signal x € R™ and a filter g9 = diag(0), represented
as

go * x = UggUTx, (1)

where U is the matrix of eigenvalues. Kipf et al. [15] conducted the first-order approximation of
truncated Chebyshev polynomial to simplify the spectral graph convolution, and applied it to the
semi-supervised classification, where data were organized as network topology. In particular, a
convolutional layer of GCN is formally defined as

HO = o (D AD HHI-DW®), )

where A = A +1is the adjacency matrix considering the self-connections, H?) is the learned graph
embedding in the Ith layer, and [D];i =3 . [A); ;. To simplify notations, in this article, we directly
replace the renormalized D-2AD"% with A. Numerous studies have paid attention to GCN-based
frameworks, exploiting the capability of gathering node attributes to promote the performance
of varying machine learning tasks. Zhu et al. proposed a variant of GCN derived via a modified
Markov diffusion kernel, which explored the global and local contexts of nodes [51]. Ye et al. es-
tablished a context-encoding network with GCN to study skeleton topology adaptively [46]. Liu
et al. integrated GCN with hidden conditional random fields to reserve the skeleton structure infor-
mation of people during the classification stage [18]. Wang et al. mined the specific and common
embeddings from node features, topological structures, and their combinations simultaneously via
a multi-channel GCN, whose adaptive importance weights were trained via the attention mecha-
nism [31].

For the purpose of promoting the sparsity and performance of graph-based models, a population
of methods has attempted to select connective nodes with higher confidence for each vertex. Wu
et al. chose the top-k largest values of the adjacency matrix to explore more robust node relation-
ships and improve the accuracy of traffic flow estimation [34]. Nodes with low confidence values
were randomly selected to build subgraphs for the GCN framework [49]. Hui et al. selected labeled
nodes with top-k confidence scores during training iterations [12]. Sun et al. sorted the confidence
values of vertices to improve the quality of graphs in GCN-based methods [26]. In light of these
prior works, node selection is generally conducted by a sorting operator or top-k operator de-
noted by arg topk. Algorithm 1 illustrates a common node selection process with a top-k operator
in most GCN-based frameworks. These methods generally preserved the top-k most important or
confident neighborhood nodes of each vertex, according to the weights of edges, which resulted
in a sparser adjacency matrix after the node selection operation. Nevertheless, these models face
a problematic issue that they are not differentiable everywhere owing to the non-differentiable
node sorting and selection procedure, which may result in the gradient vanishing and blocking
of gradient propagation during training. For the sake of tackling this problem, in this article, we
construct a differentiable learning progress that figures out the confidence score of each node and
automatically selects vertices with higher confidence.
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Fig. 2. Structure of the proposed MGCN-DNS, which endeavors to solve multi-view semi-supervised classifi-
cation problems. First of all, multiple graphs recording node connections are estimated from sample feature
similarities. After the two-stage adaptive fusion of all graphs, the learned intact adjacency matrix is dex-
terously manipulated by the graph learning module and differentiable node selection process, respectively.
Eventually, the refined adjacency matrix is exploited in GCNs to produce node embeddings that indicate the
classification results.

ALGORITHM 1: A Common Algorithm for Node Selection

Input: Adjacency matrix A € R™ ™,
Output: Adjacency matrix Agejec; after node selection.
Initialize k of top-k ranking;
Initialize Agejecr as a null matrix;
fori=1—- mdo
Generate the node connectivity patterns of the i-th node by a; = [a;1, . .., aim], where a;; =
[Alijs
Find the index of the top-k largest (or the most important) nodes by idx = arg topk(a;);
Conduct Agerec[i, idx] = a;[idx];
end for
return Selected adjacency matrix Ageject-

3 MULTI-VIEW GRAPH CONVOLUTIONAL NETWORK WITH DIFFERENTIABLE
NODE SELECTION

Multi-view semi-supervised classification is a widely investigated problem in recent years, which
conduct classification tasks with very limited labeled samples. It aims to overcome the scarce semi-
supervised signals via making full use of information from heterogeneous views. Given multi-view
data X = {X(®) }le, where X(¥) € R™*" represents the feature matrix of the vth view with totally
V views, the proposed MGCN-DNS is supposed to tackle the multi-view semi-supervised classifi-
cation problems with renormalized adjacency matrices A = {A(®) }V_, generated from X, where
A®) e R™™_ Adjacency matrices from distinct channels exploit complementary information by
a two-stage adaptive graph fusion layer, after which MGCN-DNS refines the fused adjacency ma-
trix via a graph learning module and a differentiable node selection procedure. Finally, the refined
intact adjacency matrix is applied to conducting graph convolution operations to yield node em-
beddings. Figure 2 briefly illustrates the structure of the entire framework.
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3.1 Multi-Channel Graph Fusion

First of all, the adjacency matrices are initialized via the k-Nearest Neighbors (KNN) method,

which extracts the top-k most similar samples as the neighbors of each node. This procedure can
be defined as

Ag = {1 or sim;j, x; € TopK(x;) or x; € TopK(x;), 3)

0, otherwise,

where sim;; is the similarity between samples i and j. Herein, TopK(x;) is the set of the top-k most
similar samples of the node i.

We first perform an adaptive weighted sum of initial adjacency matrices from all views to lever-
age complementary information from other perspectives. Namely,

|4
A = ) weDAl, (4)

i=1

where w(®9) is the trainable weight which indicates the importance of the ith view graph to the
vth view graph. Graph Aff,’) of the vth view can be regarded as a complementary graph because it
is enriched by information from other views. We also utilize the softmax renormalization defined

in Equation (5) for each channel

exp (w(v’i))
T exp ()

CH

®)

to guarantee that Zly:l w(®? = 1 during training. Consequently, a larger w(*?) trained automati-
cally indicates that the corresponding adjacency matrix in the ith view should make up more for
missing information in the vth view. In other words, if 3,V_, w(®"! is larger, the graph in the ith
view should be more important because it provides more complementary information to all views.
Therefore, we compute o) measuring the contribution of the ith view to all views via

v
a® = Z w®) (6)
v=1
which is renormalized by
(@)
(i) @’ 7
¢ S e 7

Because w(®?) measures how much additional information is provided by the ith view, an adja-
cency matrix with a higher value of corresponding « should contribute more to the final fused
node relationship information, thereby containing more complementary information. Actually, if
the value of « is tiny, it indicates that the adjacency matrix in this view has little complementary
information and is redundant for the other views. Thus, we should consider reducing the impact of
the corresponding adjacency matrix. In light of the previous analysis, the unique merged adjacency
matrix is obtained by considering this factor:

|4
As = Z aPA). ®)

i=1
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3.2 Graph Learning Module

After combining network topologies via the two-stage graph fusion, we construct a graph learning
module to further refine the integrated adjacency matrix with the given downstream task. Because
GCN assumes that the graph information should be symmetric and bi-directional, the outputs of
the learnable layer also ought to hold this assumption. Denoting learnable weight matrices as
S1,S; € R™™ the graph learning module is formulated as

A = Af o Sigmoid (y [$:8," - $:8,7]) , )

where O is the Hadamard product and S;, S, are randomly initialized. Hyperparameter y controls
the saturation rate of the activation function. Thus, the learned A keeps properties that edges of
topological graphs should be non-negative and symmetric, which is achieved by the trainable ma-
trix Sigmoid(y|S;S2” —S,S;7|) serving as an adaptive shrinkage weight matrix. Herein, Sigmoid(-)
performs the projection to make sure that all entries range in (0, 1), which dexterously avoids exces-
sive values and inhibits unimportant connections in a data-driven way during training. Therefore,
an adjacency matrix is refined via learnable weights Sy, S; in the graph learning module. Because
the trainable weights Sy, S, are automatically optimized according to the cross entropy loss defined
in (20), it approximates the optimal graph tailored for the downstream tasks at the best.

3.3 Differentiable Node Selection

So as to further alleviate the influence of noises and make full use of pivotal neighborhood re-
lationships, the proposed method conducts differentiable node selection in each channel to pick
essential nodes and promote the sparsity of graphs, on the basis of the probabilistic permutation
matrix P = [py,...,pm]’ € R™™. In particular, p; = [pi1,...,pim]" is the ith row of P, where Dij
denotes the chance that the node i is the jth important node among all m nodes. As an example,
given p; = [0.1,0.8,0.1], we can consider the node i as the second most important node because
Pi2 = 0.8.

For the purpose of obtaining the node confidence suggesting the importance of a vertex, we first
convert the learned A to the probabilistic permutation matrix P. Particularly, the ith row of P is
computed by

pi(as, 7) = Softmax [((m + 1 — 2i)a; — A1) /7], (10)
where 7 > 0 is a temperature parameter and A € R™ ™ is a pairwise difference matrix calculated
by

[A]; = |[as)i — [as)]- (11)

Vector a; € R™ denotes the mean of nonzero entries in each column of the matrix A, measuring
the average indegree of a vertex. Namely,
iei[Alij

(a,]; = % (12)

where § is the number of nonzero entries in each column. Therefore, Equation (10) is differentiable
everywhere, which ensures the gradient computation and the back propagation during network
training. It was proved in [7] that P is a unimodal row stochastic matrix where the sum of each
row equals one, and the permutation can be obtained by a row-wise arg max operator. Note that
entries in P stand for the chances of permutations, which can promote the flexibility of the model
and avoid the negative effect of noises to some extent. Compared with binary permutation ma-
trices or a direct top-k operator on entries of adjacency matrices, a probabilistic continuous per-
mutation matrix enables more flexible optimization of graph-structural data with specific tasks.
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Therefore, the permutation matrix P may provide better robustness and generalization during
training iterations.

Next, we introduce a metric to evaluate the confidence of each node with the probabilistic per-
mutation matrix. It is notable that the probability distribution of the node i should be higher in the
front of vector p;, if the node i has a higher chance corresponding to a larger confidence value. In-
spired by the Discounted Cumulative Gain (DCG) that is commonly employed in recommender
systems and search algorithms, we calculate the confidence of the node i by

2P — 1
I = _— (13)
! Jz:; log,(j + 1)
and renormalize it with
T Il - Imin (14)
' Imax - ]min ’

where 7, and 7,,;, are the largest and smallest values of node confidence computed by Equa-
tion (13), respectively. As a matter of fact, Equations (13) and (14) transfer the density near each
node into a probability value ranging in [0, 1]. Theoretically, a higher 7; indicates a higher con-
fidence of the node i, because a larger p;; with smaller i contributes more to the accumulation
computations in Equation (13). On the basis of this, the differentiable node selection procedure is
performed via a coefficient matrix C € R™* ™, where each entry is computed by

[Cly = =~ (1)

Consequently, we develop a learnable node selection schema according to previous analyses, for-
mulated as

Cselect = ReLU (C -0), (16)

A Cselect
Aseteet = A 0 S Cocteer) w
where 0 > 0 serves as a learnable thresholder and max (Cgejecr) is the largest value of Cgefecs. TO
ensure that 0 < 0 < 1 holds, we employ a sigmoid projection of 6 before the computation, that is,
0 = Sigmoid (0). With Equation (17), the sparsity of Cs,jec; is promoted due to the zero entries gen-
erated by the ReLU activation. Compared with universally adopted fixed activation functions in
neural networks, we formulate it as a trainable one. This makes the differentiable node selection
schema learn a refined sparse graph in a data-driven paradigm. Figure 3 summarizes the differ-
entiable node selection procedure with a simple graph. A new refined graph is obtained by the
Hadamard product of the original adjacency matrix and a coefficient matrix generated from a per-
mutation matrix. Because Equations (16) and (17) choose confident neighbors for each specific
node, they can also be regarded as a differentiable edge activation procedure to reserve the salient
edges. As an example in Figure 3, it can be seen that an insignificant edge connecting nodes 2 and
3 is removed by the differentiable node selection procedure. Actually, these differentiable func-
tions implicitly perform the non-differentiable top-k operator during training, where the trainable
parameter 0 can be regarded as a surrogate of KNN that keeps the largest k values of node con-
nections.
With the refined adjacency matrix, the proposed framework conducts graph convolution of the
Ith layer by

HY = (Aseree HTOWD) (18)
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Fig. 3. Differentiable node selection (edge activation) procedure. In this example, node 2 only selects node 1
as the most important neighborhood node, resulting in the inhibition of the edge between node 2 and node 3.

As a straightforward example, the node embedding Z of a 2-layer GCN is computed by
Z = softmax (Aselecto' (AselectHW(l)) W(z)) > (19)

where [Z];; denotes the probability that the node i belongs to the jth class. In terms of a semi-
supervised classification task, the loss is measured by the cross-entropy function:

C
.£ = - Z ZYUIHZU’ (20)
ieQ j=1

where Y € R™€ is the ground truth of the dataset. The loss values are calculated through the
samples from the partially labeled sample set Q accounting for a small portion of the entire dataset.

ALGORITHM 2: Multi-View Graph Convolutional Network with Differentiable Node Selection
(MGCN-DNS)

Input: Multi-view data X = (xX®, ..., XM} and partially labeled matrix Y € R™*¢.
Output: Node embedding Z.
Initialize trainable weights {w(®)}V _
Initialize hyperparameter y and terrfperature parameter 7;
Estimate adjacency matrices A(l), R AY) via KNN ;
Initialize learnable matrices S;, S, and thresholder 6;
Initialize learnable weight matrices of GCN;
while not convergent do
Conduct learnable multi-channel graph fusion with Equations (4), (5), (6), (7) and (8);
Compute the refined A with Equation (9);
Generate probabilistic permutation matrix P with Equations (10) and (11);
Obtain the normalized confidence vector 7 with Equations (13) and (14);
Conduct differentiable node selection via Cgejecs, according to Equations (16) and (17);
Calculate Z = H®) of GCN with Equation (18);
Evaluate the loss of the framework with Equation (20);
Update learnable parameters {S; }Zzl, {Sz}le, {0}1‘)/:1, (w® }{“:1 and {w() }ijl with back
propagation;
end while
return Node embedding Z.

3.4 Computational Complexity

Algorithm 2 provides an elaborate description of the proposed MGCN-DNS. In general, the forward
propagation of MGCN-DNS framework can be divided into the following steps: adaptive graph
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fusion, graph learning, differentiable node selection, and graph convolutions. The graph fusion
process consumes O (mn) and the graph learning module costs O(m? + m?). The computational
complexity of sorting operator and node confidence computations is O(m?). Although the classical
sorting algorithm only consumes an overall complexity of O(m log m), the proposed node selection
calculation can run efficiently on GPU hardware parallelly. In addition, given d hidden units and
d < n, the computational consumption of graph convolution is O(mnd). Consequently, the upper
bound on time consumption of forward calculations in an iteration is O (m(m? + nd + m + n)).

4 EXPERIMENTAL RESULTS

In this section, the proposed MGCN-DNS is evaluated by substantial experiments to verify its
effectiveness. Several benchmark datasets and state-of-the-art methods are selected to assess the
performance of MGCN-DNS. The framework is implemented with Pytorch platform and run on
the computer with AMD R9-5900X CPU, RTX 3060 GPU and 32G RAM.

4.1 Dataset Descriptions

Eight publicly available multi-view datasets are selected for performance comparison: Caltech-20,
Caltech-all,! BBCnews,? BBCsports,® Citeseer, MNIST-10K,> NUS-WIDE,® and Youtube,” which
include multiple descriptions of images or documents. The features of each view in these datasets
are extracted by some well-known feature extraction algorithms. Here, we provide a more detailed
introduction to these datasets:

(1) Caltech-20 and Caltech-all: Caltech101 is a well-known object recognition dataset includ-
ing 101 classes of images. Six multifarious features are extracted: 48-dimensional Gabor, 40-
dimensional wavelet moments, 254-dimensional CENTRIST, 1,984-dimensional histogram
of oriented gradients, 512-dimensional GIST, and 928-dimensional LBP features. We follow
prior work [24] where 20 classes are selected to generate the Caltech-20 subset.

(2) BBCnews: It is a collection of news reports which covers politics, entertainment, business,
sport, and technology fields. The dataset is constituted of four views via splitting documents
into four related segments.

(3) BBCsports: Different from BBCnews, it is a dataset consisting of diverse areas from BBC
sports websites, including football, athletics, cricket, rugby, and tennis news, which are il-
lustrated from two distinct views.

(4) Citeseer: This is a dataset for research papers, where papers can be divided into six classes.
Citeseer has two feature views, including 3,703-dimensional content features and 3,312-
dimensional citation features.

(5) MNIST-10K: It is a well-known dataset of handwritten digits, where three types of features
are extracted: 30-dimensional IsoProjection, 9-dimensional linear discriminant analysis fea-
tures, and 9-dimensional neighborhood preserving embedding features.

(6) NUS-WIDE: This is a popular dataset for object recognition tasks. We randomly choose
eight classes and six feature sets: 64-dimensional color histogram, 144-dimensional color
correlogram, 73-dimensional edge direction histogram, 128-dimensional wavelet texture,

http://www.vision.caltech.edu/Image_Datasets/Caltech101/Caltech101.html
Zhttp://mlg.ucd.ie/datasets/segment.html

Shttp://mlg.ucd.ie/datasets/bbc.html

4https://lig-membres.imag fr/grimal/data html

Shttp://yann.lecun.com/exdb/mnist/
®https://Ims.comp.nus.edu.sg/wp-content/uploads/2019/research/nuswide/NUS-WIDE.html
"http://archive.ics.uci.edu/ml/machine-learning-databases/00269/
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Table 2. A Brief Statistics of All Test Multi-View Datasets

Datasets # Samples # Views # Features # Classes  Data Types
Caltech-20 1,474 6 48/40/254/1,984/512/928 7 Object images
Caltech-all 9,144 6 48/40/254/1,984/512/928 20 Object images
BBCnews 685 4 4,659/4,633/4,665/4,684 5 Documents
BBCsports 544 2 3,183/3,203 5 Documents
Citeseer 3,312 2 3,703/3,312 6 Documents
MNIST-10K 10,000 3 30/9/9 10 Digit images
NUS-WIDE 1,600 6 64/144/73/128/225/500 8 Web images
Youtube 2,000 6 2,000/64/1,024/512/64/647 10 Video data

225-dimensional block-wise color moments, and 500-dimensional bag of words from SIFT
descriptors.

(7) Youtube: This dataset contains various audio and visual features on video data, includ-
ing 2,000-dimensional mfcc, 64-dimensional volume stream, 1,024-dimensional spectrogram
stream, 512-dimensional cuboids histogram, 64-dimensional hist motion estimate, and 647-
dimensional HOG features.

A summary of all datasets is presented in Table 2, including statistics of numbers of samples,
views, classes, features, and data types.

4.2 Compared Methods

So as to validate the effectiveness of the proposed MGCN-DNS, we compare the performance of
semi-supervised classification tasks with several traditional and state-of-the-art methods, includ-
ing KNN, SVM, AMGL [23], MVAR [28], MLAN [22], AWDR [44], HLR-M2VS [41], ELR-MVSC
[11], DSRL [29], GCN [15], Co-GCN [17], and SSGCN [51]. For the sake of reproducibility and
providing a fair test bed, the configurations are set empirically during experiments or defined by
default settings as original papers.

It is noteworthy that there are only three GCN-based baselines (GCN, Co-GCN, and SSGCN),
attributed to the fact that limited work has focused on GCN conducting downstream classification
tasks with multi-view data. Because GCN and SSGCN can only manipulate single-view data, we
adopt average weighted adjacency matrices as inputs. Nevertheless, most selected approaches are
graph-based models so that we are able to conduct a convincing comparison.

4.3 Evaluation Metrics

The performance of each individual algorithm is evaluated via classification accuracy, that is, the
percentage of samples that are correctly classified. Following some prior works [11, 17, 41], we
conduct semi-supervised classification experiments by splitting data into the training set and test-
ing set, where the number of training samples is smaller than the testing samples. We terminate
all gradient-based methods including the proposed MGCN-DNS when they reach the maximum
iterations or their losses converge. All approaches are executed five times with randomly selected
labeled samples at each time. Accordingly, we record the average classification accuracy and its
standard deviation in all comparative experiments.

4.4 Experimental Results

4.4.1 Performance Comparison. First of all, we perform a substantial comparison of MGCN-
DNS and other classical and state-of-the-art methods in terms of semi-supervised classifica-
tion, measured by classification accuracy. With regard to experimental settings of the proposed
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Table 3. Classification Accuracy (Mean% and Standard Deviation%) of All Compared Methods with 1% and
10% Labeled Samples, where the Best Performance is Highlighted in Red and the Second-Best Result is
Highlighted in Blue

Ratios | Methods \ Datasets | Caltech-20 Caltech-all BBCnews BBCsports Citeseer MNIST-10K NUS-WIDE  Youtube
KNN 51.2(0.4)  195(1.9) 269 (9.7) 281(9.6) 243(55) 748(L.0)  23.6(3.1)  7.75(1.0)

SVM 53.9(1.9)  20.3(22) 322(93) 29.5(8.0) 38.8(52) 77.3(2.6)  263(1.6)  21.0(6.1)

AMGL [23] 27.2(27)  11.2(31) 325(34) 35.1(4.3) - 85.9(52)  29.9(43)  5.31(0.9)

MVAR [28] 458(9.6)  23.0(0.2) 28.1(65) 355(59) 203(54) 823(0.1) 153 (27)  4.72(13)

MLAN [22] 21.2(24)  115(22) 29.6(8.1) 41.0(7.9) 245(42) 856(3.5)  23.0(9.1)  2.50(0.2)

AWDR [44] 477 (65)  165(04) 322(9.9) 20.0(5.1) 41.0(21)  668(23)  223(40) 31.6(85)

1% HLR-M2VS [41] | 60.7 (9.3) - 50.0 (9.3)  40.9(9.1)  26.8 (3.4) - 18.8(3.6)  8.03(1.1)
ERL-MVSC [11] | 57.2(1.9) 21.5(04) 57.7(4.0) 66.7(75) 48.0(48) 834(03)  220(22) 269 (2.1)

DSRL [29] 655(2.6)  225(0.6) 59.4(97) 665(9.5) 44.4(7.4) 72.8(73)  31.4(29) 267 (1.7)

GCN fusion [15] 66.0 (1.2) 24.4(0.7) 729(3.0) 81.2(1.1) 50.2(43) 81.8 (1.2) 34.2(2.4) 29.5(2.5)
Co-GCN [17] 70.3(1.2)  251(05) 73.0(1.0) 81.4(9.1) 513(24) 833(09)  320(23) 312(3.1)

SSGCN [51] 66.4(24) 25.8(0.8) 74.9(3.3) 80.4(21) 498(3.1) 83.9(0.7)  33.9(L3)  28.9(4.3)

| MGCN-DNS | 69.3(13) 26.2(14) 77.8(54) 83.5(9.6) 52.4(29) 885(0.8) 44.2(3.9) 33.4(6.6)
KNN 67.0 (0.4  29.6(0.3) 383(9.6) 383(9.5 269(23) 89.8(04)  327(29) 368 (L6)

SVM 71.1(1.0)  353(04) 729(7.0) 70.9(9.1) 65.1(0.5) 88.6(0.5)  43.1(14)  45.6(1.0)

AMGL [23] 45.0(3.1)  24.4(02) 523(55)  55.6 (1.4) - 885(0.2)  41.9(0.2)  44.2(0.8)

MVAR [28] 68.9(4.6) 435(03) 753(55) 61.9(1.2) 61.9(0.8) 853(0.8)  33.3(2.6) 37.0(1.3)

MLAN [22] 459(1.7)  31.2(0.5) 741(0.9) 62.6(22) 62.1(0.8) 88.6(0.3)  27.0(14)  36.4(1.0)

AWDR [44] 492(17)  450(13) 857(14) 813(3.3) 642(0.6) 781(0.3)  40.6(19)  36.1(2.8)

10% | HIR-M2VS [41] | 80.5(L8) - 78.1(2.8)  84.6(04) 562 (0.9) - 353(1.7) 512 (4.1)
ERL-MVSC [11] | 83.2(1.6) 46.1(0.3) 85.9(2.2) 903(19) 57.8(0.9) 90.9(0.3)  44.4(2.1) 57.4(18)

DSRL [29] 84.1(2.0) 51.1(0.2) 885(12) 91.6(5.4) 63.9(27) 893(04) 443 (24)  48.0(1.4)

GCN fusion [15] | 79.9(0.3) 442 (03) 69.6(1.8) 87.0(2.0) 64.1(0.6) 893 (0.5)  42.9(2.1)  57.8 (1.4)
Co-GCN [17] 782(0.8)  46.2(0.6) 81.9(1.5) 84.8(14) 635(0.4) 91.2(0.4)  435(04) 58.0(0.5)

SSGCN [51] 825(0.7)  47.1(0.1) 90.7(0.5) 94.1(0.1) 63.1(0.4) 89.9(0.1)  41.2(0.4) 57.1(L1)

| MGCN-DNS | 843(1.2) 533(03) 93.6(0.6) 97.4(0.6) 66.4(0.5) 92.2(0.2) 69.2(3.1) 60.5(1.3)

We cannot obtain results of HLR-M?VS and AMGL on some datasets due to its high computational complexity or SVD
computation error, and mark the results with “-”.

MGCN-DNS, the learning rate is fixed as 0.1 and a 2-layer graph convolution structure is applied.
The updates of all trainable parameters are conducted by the Adam optimizer. The experimen-
tal results of semi-supervised classification are reported in Table 3, recording the performance
when 1% and 10% data are randomly labeled, respectively. The table reveals that the proposed
MGCN-DNS achieves encouraging performance with varying ratios of labeled data, leading in all
compared methods on almost all datasets. Overall, the performance leading of GCN-based models
is more remarkable when only 1% samples are labeled, and the proposed MGCN-DNS gains com-
petitive classification accuracy in this case. Figure 4 further provides the classification accuracy
of MGCN-DNS with a larger proportion of labeled samples. It points out that the performance
leading is more considerable with a small number of labeled data (e.g., 5% known labels), and the
accuracy gaps among multifarious methods narrow as the ratio of labeled instances rises. These
observations indicate that MGCN-DNS succeeds in exploiting the properties of graph-structural
data with extremely limited supervised information. It is noted that MGCN-DNS also obtains plea-
surable results compared with other state-of-the-art GCN-based frameworks, which verifies that
the proposed model promotes the performance of GCN in terms of multi-view semi-supervised
classification.

4.4.2  Ablation Study. We also examine the effectiveness of the graph learning module and
the differentiable node selection operation by conducting ablation experiments on all datasets,
as demonstrated in Table 4. The experimental results indicate that either of two modules succeeds
in improving the performance of the entire framework, and the accuracy improvement is more
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Fig. 4. The varied performance (classification accuracy) of all compared methods as the ratio of labeled data
ranges in {0.05,0.10,...,0.50} on all test datasets.

Table 4. Ablation Study (Mean Classification Accuracy (std%)) of MGCN-DNS on All Datasets

Datasets/Modules | GLM  DNS  Accuracy (std%) || Datasets/Modules | GLM DNS Accuracy (std%)
82.2 (1.2) 44.2 (0.3)
_ v 83.9 (1.2) ) v 46.2 (0.4)
Caltech-20 v 82.8 (1.8) Caltech-all v 457 (0.5)
v oV 84.3 (1.2) v oV 48.6 (0.3)
64.2 (0.3) 90.3 (0.5)
. v 65.4 (0.5) ) v 90.5 (0.8)
Citeseer v 65.2 (0.2) MNIST-10K v 91.1 (0.3)
v v 66.4 (0.5) v v 92.2 (0.2)
90.8 (1.2) 95.6 (0.5)
v 92.9 (1.0) v 96.8 (0.6)
BBCnews v 93.2 (0.5) BBCsports v 96.2 (0.9)
v Y 93.6 (0.6) < oV 97.4 (0.6)
61.9 (3.9) 57.5 (0.9)
) v 65.3 (2.4) v 59.5 (0.9)
NUS-WIDE v 66.1 (2.9) Youtube v 59.0 (0.3)
v oV 69.2 (3.1) oV 60.5 (1.3)

GLM: Graph Learning Module. DNS: Differentiable Node Selection.

favorable when both operations are conducted. These observations validate that MGCN-DNS
framework executes sustained explorations of node representation through the graph learning
module and the differentiable node selection process, which facilitates improving the accuracy of
downstream classification tasks.

In addition, we visualize partial learned adjacency matrices Ay, A, and A/, in the network,

as exhibited in Figure 5. These figures suggest that A learned by the graph learning module is dis-
tinct from the automatically fused adjacency matrix Ag, which inhibits some node relationships
owing to the adaptive shrinkage weight matrix (e.g., brown boxes in Figure 5). Nevertheless, most
distinctive connections are retained, and the refined adjacency matrix is still symmetric. Due to the
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Fig. 6. Parameter sensitivity (Accuracy) w.r.t. neighbor numbers k on all test datasets.

proposed differentiable node selection operator, most salient edges are highlighted and some con-
nective information is not selected in Ag,jecs, as shown in the red boxes in Figure 5. Consequently,
Ajelecr 1s sparser than previous adjacency matrices. In summary, the ablation study validates that
the learned sparse Agjec; is beneficial to the information propagation over the graph and the
performance improvement of GCN.

4.4.3  Parameter Sensitivity. First, we analyze the effect of neighbor numbers k when construct-
ing multi-view graphs, shown in Figure 6. The experimental analysis points out that the perfor-
mance of MGCN-DNS is sensitive to the initialization of adjacency matrices, which is tightly rele-
vant to the neighbor number k. Overall, a small k (e.g., k = 5) often results in poor classification
performance, and the accuracy rises as the number of neighbors increases. Nonetheless, on some
datasets like BBCsports and Youtube, constructing node relationships with excessive neighbors
lead to significant performance decline. This may be due to the fact that too many neighbors may
introduce unexpected noises. In conclusion, the optimal values of k for constructing adjacency
matrices are quite different on various datasets. Because k is directly related to the performance
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Fig. 7. Parameter sensitivity (Accuracy) w.r.t. hyperparameters y and 7 on all test datasets.

of graph-based models, we ought to set a suitable k for each dataset when establishing topological
networks.

Furthermore, Figure 7 explores the effect of hyperparameters y and 7 on selected datasets. From
this figure, we can draw the following conclusions. It can be observed that the selection of these
two hyperparameters has a noticeable influence on classification performance. In general, small
values of y and 7 often lead to poor accuracy on most datasets, which is especially significant
for 7. On all datasets except BBCnews, MGCN-DNS behaves unsatisfactorily when 7 < 0.3. The
reason for the unfavorable performance may be that the permutation matrix P becomes an exact
one rather than an approximate and continuous one, when a small 7 is adopted. In most cases, a
probabilistic and continuous permutation matrix is helpful to the dexterous optimization of the
model. In general, the classification accuracy is robust to the change of hyperparameters when y
and 7 are large enough on most datasets.

4.44  Visualization of Weights. We visualize the learnable weights {vv("’j)}}fj=1 and {a'?} | in
Figure 8.1t can be validated that KNN graphs from some views are essential for providing comple-
mentary information, attributed to which these views are more important. Accordingly, MGCN-
DNS adaptively assigns higher a values to these views for the sake of fully leveraging comple-
mentary information. The model also assigns tiny values to some views, which means that these
views have little complementary information. Besides, a direct connection of initial KNN may be
problematic because varying types of features in multi-view data have assorted meanings. This
may result in the dissonance of information from different views. Thus, we develop a two-stage
fusion process which generates the combined Ay via a linear weighted accumulation on the basis

of learned {a¥) }Yzl.

4.4.5 Training Details. Furthermore, we analyze the convergence of the proposed framework,
and look into the classification accuracy of train sets and test sets during the training procedure,
recorded in Figure 9. The experimental results demonstrate that the loss values of MGCN-DNS
plunge and converge rapidly, swelling to the lowest point within 200 iterations, suggesting the
high efficiency of the framework. The classification accuracy of the train set soars and stabilizes at
a peak during training. Although the predictive accuracy of unlabeled data shoots up as training
continues, it reaches a lower plateau compared with training accuracy, and begins to fluctuate or
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Fig. 8. Visualization of trainable weights w and @ on Caltech-20, Caltech-all, NUS-WIDE, and youtube
datasets.

even dwindle when the training is not finished, indicating that the phenomenon of overfitting may
take place with an excessive number of iterations.

5 CONCLUSION

In this work, we proposed a multi-channel GCN-based model with a differentiable node selection
schema. The proposed method applied multi-graph-structural data for initialization and aimed to
learn topological information with better robustness and generalization. In each channel, different
initialized graphs were integrated by a two-stage adaptive graph fusion procedure. The fused graph
was refined by a graph learning module and the differentiable operation of node selection, which
explored graph embeddings with higher quality to promote the performance of graph convolu-
tions. Eventually, the proposed framework was applied to carrying out multi-view semi-supervised
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Fig. 9. Curves of loss values (green), train accuracy (purple), and test accuracy (orange) with 10% labeled
samples on all datasets.

classification tasks. Comprehensive experimental results validated the effectiveness of MGCN-
DNS and revealed that it gained encouraging performance improvement.

In the future, we will devote ourselves to further study of multi-channel GCN-based models
and exploit insightful models to conduct sustained explorations of graph embeddings with better
robustness and explainable semantic information. A more dexterous strategy to fuse graphs from
heterogeneous sources is also our next direction.
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